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Abstract
We prove for a finite group G and a compact metric G-space Y that the conditions (1) Y ∈
LCn−1 ∩ Cn−1, and (2) Y ∈ G-AE(X), for every normal n-dimensional space X endowed with a
free numerable action of the group G, are equivalent.
As a corollary we obtain: (A) For the space X endowed with a free action of the finite group G the
conditions (1) the space X is normal, dimX 6 n and K(X;G)6 n+ 1; (2) the space X is normal,
dimX 6 n and K(X;G) <∞; (3) G ∗ · · · ∗G ∈G-AE(X), are equivalent. (B) For a paracompact
space X with a free action of the finite group G the inequality K(X;G)6 dimX+ 1 holds. Ó 2000
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1. Introduction
When we examine the number of critical points of a smooth map f :Mn → R on
a closed compact manifold Mn, the Lusternik–Schnirelmann category of the compact
manifold Mn has an important meaning [16–19]. The classic Lusternik–Schnirelmann
Theorem on the category of the n-dimensional projective space is equivalent to the
assertion that the genusK(Sn;Z2) of the covering fibration p :Sn→RPn is equal to n+1.
These facts motivate topologists to estimate the genus of an arbitrary covering projection
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p :E→ B . Moreover, for a free action of a finite group G on a paracompact space X the
estimate
K(X;G)6 dimX+ 1 (∗)
holds and cannot be improved.
In this paper we show that the inequality (∗) can be generalized to a theorem on
equivariant extensor properties of the space Yn(G) = G ∗ · · · ∗ G—the join of (n + 1)
examples of the groupG. Moreover, the theorem proved by ourselves in the theory of free
G-extensors shows that the inequality (∗) holds for a finite-dimensional normal space X if
and only if the number K(X;G) is finite.
The authors could not find examples of a free action of a finite group G on a finite-
dimensional normal space X with infinite genus. This is equivalent to the fact that the
extension of the action of the group G to the Stone– ˇCech compactification βX of the
space X is not free [10].
An example of a free involution on an infinite-dimensional separable, locally compact
metric space X, the extension of which to the Stone– ˇCech compactification βX of the
space X is not free can be found in [10]. In the paper [12] an example can be found of a
free involution on a normal space X, indX = 0 and dimX =∞ with infinite genus. Van
Hartskamp and van Mill in [13] showed the existence of an example (under Continuum
Hypothesis) of free homeomorphisms (not periodic) of zero-dimensional normal space,
the extension of which to the Stone– ˇCech compactification is not free. In this paper the
notion of dimension means the Lebesgue dimension (dim).
Note, that the inequality (∗) together with the equality
LS(X;G)=K(X;G)+ |G| − 1
from the paper [8] gives an answer in the affirmative of the Balogh–Mashburn–Nyikos
question [6, p. 21]; [22, p. 377, Problem J.6].
2. Definitions
A space with a given action of a groupG we will call a G-space. All maps are assumed
to be continuous.
Definition 1. The G-space Y is said to be a G-absolute (neighborhood) extensor with
respect to X (Y ∈ G-A(N)E(X)) if for the G-space X and any closed invariant subset
A⊂X, every equivariant map f :A→ Y has an equivariant extension to the whole space
X (to some invariant neighborhood of A).
If in Definition 1 we consider only spaces X with free action of the groupG we will say
that the space Y is a free extensor.
Suppose the group G acts on a space freely. The subset U is called free if U ∩ gU = ∅
for all g ∈ G\{e}. Note that U is free if and only if for any g, h ∈ G, if g 6= h, then
gU ∩ hU = ∅.
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Definition 2. We say that the genusK(X;G) of the freeG-space X is not greater than m,
if there exist m free closed subsets C1, . . . ,Cm ⊂X such that
X =
m⋃
i=1
GCi .
Since any free closed subset of a normal space has a free neighborhoodU [6, Lemma 1],
from the existence of m free closed subsets, and their orbits cover the space X, we assure
the existence of m free open subsets, and their orbits cover the space X as well.
The converse. If for the open sets U1, . . . ,Um the family of open sets {gUi : i = 1, . . . ,
m;g ∈G} forms an open covering of a normal space, then there exists a closed shrinking
{Cig: i = 1, . . . ,m;g ∈G;Cig ⊂ gUi}. Hence the closed sets Ci =⋃g∈G g−1Cig ⊂ Ui ,
i = 1, . . . ,m satisfy the Definition 2. Thus in definition of the notion of genus of a normal
space we can use either open or closed sets.
Note that from van Douwen’s Theorem related, inclusive, to arbitrary maps [10] easily
follows that the genus of a free action of a group G on a normal space X is finite if and
only if the extension of the action of the group G to the Stone– ˇCech compactification βX
of the space X is free.
Definition 3. The number of colors or the Lusternik–Schnirelmann’s number LS(X;G)
of a free action of a finite group G on X is called the minimum of cardinals of free open
(closed) coverings of the space X.
Definition 4. A space Y is said to be locally connected in dimension n (LCn) if for any
point y ∈ Y and any neighborhood U of y there is a neighborhood V ⊂ U of y such that
any map f :Sk→ V from the k-dimensional sphere into V , where k 6 n, has an extension
F :Bk+1→ U to the (k + 1)-dimensional ball.
A space Y is said to be connected in dimension n (Cn) if any map f :Sk→ Y , where
k 6 n has an extension F :Bk+1→ Y .
Definition 5. We say that the free action of a finite group G on a space X is numerable,
if the covering projection p :X→X/G is numerable, that is, if the orbit space X/G has a
locally finite open (closed) covering {Uα} such that p−1(Uα)≈GG×Uα .
3. Main results
Let G be an arbitrary topological group and Y be a G-space.
For any space X, the space G×X endowed with the action of the group G (g(h, x)=
(gh, x)) is a G-space.
Let f :G×X→ Y be a G-map. Then we assign to this map the map
f :X ↪→ e×X ↪→G×X f↪→ Y,
i.e., f (x)= f (e, x).
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Let CG(G × X,Y ) denote the space of all G-maps from G × X into Y and C(X,Y )
denote the space of all maps from X into Y .
Lemma 6. The map φ :CG(G×X,Y )→ C(X,Y ) given by φ(f )= f is a bijective map.
Proof. To verify that the map is one-to-one. Let f 1((g, x)) 6= f 2((g, x)). By the
equivariantness of the maps f 1 and f 2 we have that gf 1((e, x)) 6= gf 2((e, x)). Since
translation by g is a homeomorphism on Y , f1(x)= f 1((e, x)) 6= f 2((e, x))= f2(x).
To verify that the map is onto. Let f :X→ Y be a map. The formula f ((g, x))= gf (x)
give rises aG-map f :G×X→ Y and φ(f )= f . Let verify that the map f is continuous.
Let f ((g, x))= gf (x)= y ∈ Y and Vy be an arbitrary neighborhood of the point y . Since
the action G× Y → Y is continuous and (g, f (x)) 7→ y ∈ Vy , there exist neighborhoods
Vg and Vf (x), such that Vg × Vf (x) ⊂ Vy . Since the map f is continuous, there exists
a neighborhood Vx such that f (Vx) ⊂ Vf (x). Then f (Vg × Vx) = Vg × f (Vx) ⊂ Vg ×
Vf (x) ⊂ Vy . Thus the map f is continuous. 2
Corollary 7. Let Y be a G-space and A be a (closed) subspace of the space X. Then the
following conditions are equivalent:
(1) Any map f :A→ Y has an extension to the whole space X.
(2) Any G-map f :G×A→ Y has a G-extension to the whole G-space G×X.
Proof. The proof follows immediately from Lemma 6. 2
Corollary 8. Let Y be a G-space and X be a space. Then the following conditions are
equivalent:
(1) Y ∈ AE(X).
(2) Y ∈G-AE(G×X).
Proof. The proof follows immediately from Corollary 7 and taking in account that any
G-invariant closed subspace of the space G × X is of the form G × A for some closed
subspace A of the space X. 2
Theorem 9. Let G be a finite group. For a compact metric G-space Y the following
conditions are equivalent:
(1) Y ∈ LCn−1 ∩Cn−1.
(2) Y ∈ AE(X) for every normal space X with dimX6 n.
(3) Y ∈G-AE(X) for every normal space X endowed with a free numerable action of
the group G, such that dimX 6 n.
Proof. The implication (1) ⇒ (2) is well known; we present the proof of it because we
could not find one in the literature.
Let A ⊂ X be a closed subspace of X and f :A→ Y be a map. Consider the Stone–
ˇCech compactification βf :βA→ Y of the map f . Now we embed the compact space
Y into the Hilbert cube Q. But βA is a closed subspace of the compact space βX, so
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we can extend the map βf to the map F :βX→Q. By virtue of Mardešic´ factorization
Theorem [11] (dimβX = dimX 6 n) there exist a n-dimensional compact metric space Z
and maps p :βX→ Z and h :Z→Q such that F = h ◦ p. Consider the closed subspace
B = p(βA) of the space Z. Since h ◦ p|βA= βf , we have that h(B)= βf (βA)⊂ Y . By
Kuratowski–Dugundji Theorem [15, Chapter V, Theorems 2.1 and 10.1] there exists a map
H :Z→ Y such that H |B = h. Then the map H ◦ p|X is the desired extension.
To prove the implication (2)⇒ (3). Let ω = {Cα}α∈Λ ∈ CovX/G be a closed covering
of the orbit space such that p :p−1Cα→ Cα is a trivial fibration. Let well order the set of
indexesΛ. Now the given equivariant map f :A→ Y will be extended by induction on the
closed subsets
⋃
β6α p
−1(Cβ). By Corollary 7 the G-map
g0 = f |A∩p−1(C0) :A∩ p−1(C0)→ Y
can be extended to a G-map
F 0 :p
−1(C0)→ Y.
Let Aα = A∪⋃β<α p−1(Cβ). The maps f and F 0 give us a map f 1 :A1→ Y .
If α is a limit ordinal, then for any β < α the map f
β
:Aβ→ Y is already defined. Since
Aβ ⊆ Aβ+1 the G-map f α :Aα→ Y is well defined. The map f α is continuous because
the family p−1(Cβ) is locally finite. If α = β + 1 we repeat the procedure as in the case
α = 1 to obtain the G-map f
α
:Aα→ Y . In this way we get a G-map to the whole space
X.
To prove the implication (3)⇒ (1). Let X = Bn be the n-dimensional ball. The space
G × Bn satisfies the conditions of (3), so Y ∈ G-AE(G × Bn). By Corollary 8 we
get Y ∈ AE(Bn). By Kuratowski–Dugundji’s Theorem the last assertion is just condi-
tion (1). 2
Proposition 10. If G is a finite group acting freely on a finite-dimensional paracompact
space, then the following inequality holds
K(X;G)6 dimX+ 1.
Proof. Let dimX 6 n. Consider the orbit projection p :X→X/G. Since the map p is a
perfect map, the space X/G is paracompact. Since the map p is a local homeomorphism,
dimX/G= dimX = n. The space X/G has an open covering ω = {Uα}α∈Λ such that the
covering projection p is trivial on each Uα . By standard theorem in dimension theory [11]
the covering ω has an open refinement, which consists of n + 1 families, each of them
are disjoint. Taking the union of the open sets in each family, we obtain n+ 1 open sets
V1, . . . , Vn+1 of the space X/G. These subsets form a covering of the space X/G and on
each of them the covering projection is trivial. The sections on the sets V1, . . . , Vn+1 are
the sets needed in Definition 2. 2
Remark 11. The proposition in the case of compact metric space X has been proved
by Lusternik and Schnirelmann. Schwartz [20] pointed out that the Lusternik and
Schnirelman’s method allows to prove the proposition for metric spaces. Balogh, Mashburn
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and Nyikos have been proved the proposition for paracompact spaces with IndX 6 n and
in which the closed subspaces satisfy the countable closed sum theorem for Ind. Another
proof of Proposition 10 (for the group Zp) based on the relation of genus and color number
was suggested by van Hartskamp and Vermeer [14]. Since our proof of the proposition is
easiest than the original Lusternik and Schnirelmann’s proof (in the case of compact metric
space X) and valid for a paracompact space X we agree to include it.
Remark 12. Proposition 10 gives an answer of the first part of the Mashburn’s problem
[22, Problem J.6]. As is pointed out in [23, pp. 413–414] the finiteness of the genus
K(X;G) under conditions of Proposition 10 has been obtained by Peter von Rosenberg,
and it follows, also, from a theorem of van Douwen [10] and the relation between genus
and color number. The equality LS(X;G)=K(Y ;G)+|G|−1 obtained in [8] for arbitrary
free action of a finite group G on a normal space X shows that for a paracompact
space X endowed with a free action of a finite group G the following inequality
holds LS(X;G)6 dimX + |G|. The last inequality prove the Balogh–Mashburn–Nyikos
conjecture [6, p. 21; 22, p. 377, Problem J.6], i.e., answer the question in the affirmative.
SinceK(Yn(G);G)= n+ 1, the inequality LS(X;G)6 dimX+|G| in general cannot be
improved. The inequality LS(X;Z2)6 dimX+ 2 for the free action of the group Z2 on a
paracompact space X can be found in [1]. The equality
LS(X;Z2)=K(X;Z2)+ 1= Bind(X;Z2)+ 2
for the free action of the group Z2 on a normal space X can be found in [2, Theorem 3],
where the Borsuk index Bind(X;Z2) of free involution is the smallest numberm such that
(X;Z2) has an equivariant map into Sm.
The join of two compact spaces Y1 and Y2 is the factorspace of Y1 × I × Y2, where
I = [0,1], in which the sets {y1} × {0} × Y2 and Y1 × {1} × {y2} are collapsed into points
for every y1 ∈ Y1 and y2 ∈ Y2.
It is clear that the join of two G-compact spaces is a G-space and the join of two free
G-spaces is a free compact space. Let Yn(G)=G ∗ · · · ∗G be the join of n+ 1 examples
of the finite groupG.
Theorem 13. Let G be a finite group. For a space X endowed with a free action of the
group G the following conditions are equivalent:
(1) The space X is normal, dimX 6 n and K(X;G)6 n+ 1.
(2) The space X is normal, dimX 6 n and K(X;G)<∞.
(3) The space X is normal, dimX 6 n and the action of G on X is numerable.
(4) Yn(G)=G ∗ · · · ∗G ∈G-AE(X).
Proof. The implications (1)⇒ (2) and (2)⇒ (3) are clear.
To prove (3) ⇒ (4). We will prove by induction on the number n that Yn(G) ∈
LCn−1∩Cn−1. Although this is a well known fact we could not find a precise reference for
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it. Let construct the space Yn(G) by induction. Put Y 0(G)=G and let Yng = ConYn−1(G),
the cone of the space Yn−1(G) indexed by elements of the groupG. Now we define
Yn(G)=
∨
Yn−1(G)
Y ng , g ∈G,
i.e., Yn(G) is the factorspace of the union of |G| copies of pairwise disjoint cones of
the space Yn−1(G), identifying the base of all cones. The space Yn(G) is a polyhedron,
so the space is locally contractible. Suppose that the space Yn−1(G) ∈ Cn−2. The spaces
Yng ⊂ Yn(G) are contractible, cover the space Yn(G) and they intersect on the polyhedron
Yn−1(G) ∈ Cn−2. Therefore by the theorem on attaching LCn−1 ∩ Cn−1 spaces with
LCn−2 ∩ Cn−2 intersection [4] the inclusion Yn(G) ∈ LCn−1 ∩ Cn−1 holds. Thus by
Theorem 9 (the implication (1)⇒ (3)) we have that Yn(G) ∈G-AE(X).
(4) ⇒ (1) Since Yn(G) ∈ G-AE(X), there exists a G-map f :X→ Yn(G) (we may
extend the map from some orbit or even from the empty set). Since the G-map does not
lower the genus of the space, the following inequality holds K(X;G) 6 K(Yn(G);G).
So by Proposition 10 we have the inequality K(Yn(G);G) 6 dimYn(G) + 1 = n + 1.
Further by virtue of the inequality K(X;G) 6 n + 1 there exist free closed subsets
C1, . . . ,Cn+1 such that X =⋃n+1i=1 GCi . Since the subset G× Ci is invariant and closed,
for all i = 1, . . . , n + 1 we have that Yn(G) ∈ G-AE(G × Ci). By Corollary 8 the last
assertion is equivalent to Yn(G) ∈ AE(Ci). Since the group Z2 (as a set) is a retract of the
group G (as a set), there exists a retraction r :Yn(G)→ Yn(Z2). But it is well known that
Sq ∗ Sp = Sq+p+1, so Yn(Z2)= Sn. Therefore we proved that for any i = 1, . . . , n+ 1 we
have that Sn ∈ AE(Ci). By Aleksandrov’s Theorem the last inclusion is equivalent to the
normality of the spaces Ci and dimCi 6 n. Now we apply the theorem on finite sum of
closed subspaces to the space X =⋃n+1i=1 GCi . Thus X is normal and dimX 6 n. 2
Corollary 14. If a finite-dimensional normal space X endowed with a free action of a
finite group G has finite genus, then the following inequality holds
K(X;G)6 dimX+ 1.
Remark 15. Since the projection X → X/G is a perfect map, we have that for a
paracompact space X the space X/G is a paracompact space. It is known [9] that every
locally trivial fibration with paracompact base is numerable, so by Theorem 9 we have that
Yn(G) ∈G-AE(X). The last assertion implies, by Theorem 13, that the inequality
K(X;G)6K(Yn(G);G)6 n+ 1
holds. The suggested proof lies on the validity of the Proposition 10 for the compact
polyhedron Yn(G), i.e., on the classic Lusternik–Schnirelmann’s assertion.
Theorem 16. If a free action of a finite groupG on a zero-dimensional normal space X is
numerable, then X≈GG×X/G.
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Proof. Consider theG-space Y =G. Then by Theorem 9 Y ∈G-AE(X). The last assertion
implies the existence of an equivariant map f :X→ Y =G. Hence the spaceX′ = f−1(e)
give us a natural fibration X≈GG×X′ and it is clear that X′ ≈X/G. 2
Corollary 17. If G is a finite group acting freely on a extremely disconnected normal
space X, then X≈GG×X0 for some clopen subset X0 ⊂X.
Proof. For any g ∈G\{e} there exists a free covering ωg = {U1,U2,U3} [5, Chapter VI,
Exercise 183] with respect to the homeomorphism g :X→X. Then ω =⋂g∈G\{e}ωg is a
free covering of the space X with respect to G. Since any extremely disconnected space is
zero-dimensional, everything follows from Theorem 16. 2
Corollary 18. If G is a finite group of autohomeomorphisms acting freely on a normal
space X of scattered height m for some m= 0,1,2, . . . , then there is a free clopen subset
U of X such that X =GU.
Proof. By Proposition 11 in [6] K(X;G) 6 m + 1. Since the space X is scattered,
dimX = 0, the corollary follows from Theorem 16. 2
Remark 19. Let us note that Corollary 18 is an improvement of Proposition 11 [6].
Besides, the results of this paper can be consider as a generalization of some results of
the paper [3], where were considered free equivariant extensors for metrizable spaces.
Remark 20. Corollaries 17, 18 give examples of free action of finite groups of finite genus.
It is known examples of free involutions (free action of the groupZ2) on a zero-dimensional
completely regular space with infinite genus [6,7,12,21]. But we do not know examples of
free action of a finite group on a finite-dimensional (zero-dimensional) normal space with
infinite genus.
Theorem 21. Let G be a finite group. For a compact metric space Y endowed with a free
action of the group G the following conditions are equivalent:
(1) Y ∈ LCn−1.
(2) Y ∈ ANE(X) for every normal space X with dimX 6 n.
(3) Y ∈G-ANE(X) for every normal space X endowed with a free action of the group
G, such that dimX 6 n.
Proof. For the compact G-space Y let us consider the cone ConY with the natural action
of the group G. Then the space Y can be considered as a closed G-subset of the G-space
ConY and Y is a G-retract of the closure of some G-neighborhood.
The implication (1)⇒ (2). Since Y ∈ LCn−1, so ConY ∈ LCn−1 ∩ Cn−1 and therefore
ConY ∈ AE(X). Thus Y ∈ ANE(X).
To prove the implication (2)⇒ (3). Let f :A→ Y be an equivariant map of some closed
G-subset A ⊆ X. Since the space Y is compact, we have that K(Y ;G) <∞. Since the
genus of a space does not decrease under equivariant maps, the following inequality holds
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K(A;G)6K(Y ;G)<∞. According to [6, Lemma 1] there exists a G-neighborhood U
of the set A such that K(ClU ;G)=K(A;G) <∞. Then by our Theorem 9 there exists
a G-extension F : ClU → ConY . A G-retraction of a G-neighborhood of Y in ConY
generates an equivariant extension of a G-map f to the closure of some G-neighborhood
V ⊆U .
To prove the implication (3)⇒ (1). Let X = Bn be the n-dimensional ball. The space
G × Bn satisfies the conditions of (3), so Y ∈ G-ANE(G × Bn). By the neighborhood
analogue of Corollaries 7 and 8 we get Y ∈ ANE(Bn). By Kuratowski–Dugundji’s
Theorem the last assertion is just condition (1). 2
Remark 22. Analogously can be formulated G-theorems about extensions of maps into
metric space of weight 6 τ .
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